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In the first part, we generalize the classical result of Bohr by proving that an
m Žanalogous phenomenon occurs whenever D is an open domain in  or, more
. Ž .generally, a complex manifold and  is a basis in the space of holomorphicn n0
Ž . Ž .functions H D such that   1 and  z  0, n 1, for some z D.0 n 0 0
Namely, then there exists a neighborhood U of the point z such that, whenever a0
holomorphic function on D has modulus less than 1, the sum of the suprema in U
of the moduli of the terms of its expansion is less than 1 too. In the second part we
consider some natural Hilbert spaces of analytic functions and derive necessary
and sufficient conditions for the occurrence of Bohr’s phenomenon in this setting.
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1. INTRODUCTION
 The theorem of Bohr 7 mentioned in the title, taking also into account
the improvements made by M. Riesz, I. Schur, and F. Wiener, is:
THEOREM 1.1. If a power series

kc z 1Ž .Ý k
k0
conerges in the unit disk and its sum has modulus less than 1 then

k c z  1 2Ž .Ý k
k0
   4in the disk z : z  13 and the constant 13 cannot be improed.
Recently, Boas and Khavinson obtained some multidimensional general-
Ž  .ization of this result 6 , see also for more references there . Let K n
denote the largest number such that if the series
c z  3Ž .Ý 

   4converges in the unit polydisk U  z : z  1, j 1, . . . , n and the1 j
estimate
c z  1, 4Ž .Ý 

is valid there, then
  c z  1 5Ž .Ý 

Žholds in the homothetic domain K  U ; everywhere above   , . . . ,n 1 1
. Ž .  1 n , all  are non-negative integers, z z , . . . , z , z  z . . . z .n j 1 n 1 n
With this notation, the result of Boas and Khavinson says that for n 1
'1 2 log n
 K  . 6Ž .n' '3 n n
Other multidimensional variants of Bohr’s phenomenon were considered
  Ž .in 3 . In particular, denote by B D the biggest number r such that if then
Ž . Žseries 3 converges in a complete n-circular bounded domain Reinhardt’s
. Ž .domain D and 4 holds in it then
  sup c z  1, 7Ž .Ý 
D r
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Ž Ž . .where D  r  D so B U  K ; then for any complete bounded n-cir-r n 1 n
cular domain D one has
n 2
1  B D . 8Ž . Ž .( n3
ŽThis result is also a natural generalization of Bohr’s theorem Theorem
.1.1 . Moreover, in the same work this estimate has been improved for
Ž      4concrete domains unit ball, unit hypercone z : z 	 	 z  1 , com-1 n
.plete Cartan’s circular domains , and, in addition, estimates from above
are also obtained in these cases. In the first part of the paper we
investigate Bohr’s phenomenon for arbitrary bases in the space of holo-
morphic functions on a given domain. It is easy to see that Bohr’s
phenomenon appears for a given basis only if it contains a constant
function. We prove that if, in addition, all other functions of the basis
vanish at some point z D, then there exist a neighborhood U of z and0 0
a compact subset K
D such that, whenever a holomorphic function on
K has modulus less than 1, the sum of the suprema in U of the moduli of
the terms of its expansion is less than 1 too. In the second part we consider
some natural Hilbert spaces of analytic functions and derive necessary and
sufficient conditions for the occurrence of Bohr’s phenomenon in this
setting.
2. PRELIMINARIES
Ž .Suppose M is a complex manifold; then we denote by H M the space
of holomorphic functions on M. For any compact subset K
M we set
 f  sup f z , fH M .Ž . Ž .K
K
 The system of seminorms f , K

M, defines the topology of uniformK
Ž .convergence on compact subsets of M. Regarded with it H M is a
Ž  . Ž .nuclear Frechet space e.g., 12 . A sequence  of functions in´ n n0
Ž . Ž . Ž .H M is called a basis in H M if for any function fH M there exists
a unique sequence of complex numbers f such thatn

f f  ,Ý n n
n0
where the series converges uniformly on any compact subset of M.
We will use the following well known fact.
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Ž . Ž .PROPOSITION 2.1. If  is a basis in the space H M then for anyn n0
Ž .K 

M there exist K 

M and C 0 such that for each fH M ,1 2
fÝ f  , we haen n
       f  f   C f .ÝK K Kn n1 1 2
 Dragilev 10 proved this theorem in the case where M is the unit disk.
The general case follows from the theorem of Dynin and Mityagin on
Ž   .absoluteness of bases in nuclear spaces 9, 13 , e.g., 12, Theorem 28.12 .
Ž .3. BOHR’S PHENOMENON FOR BASES IN H M
Ž . Ž .Suppose M is a complex manifold and  is a basis in H M . Wen n0
Ž . Ž .say that the basis  has Bohr’s property BP if there exist subsetsn
U
 K
M, where U is open and K is compact, such that whenever
Ž .fH M and fÝ f  we haven n

 f sup  z  sup f z . 9Ž . Ž . Ž .Ý n n
U K0
The following necessary condition holds.
Ž .PROPOSITION 3.1. If the basis  has BP then one of the functions  isn n
constant.
Ž .Proof. Indeed, suppose the basis  does not contain any constantn 0
function, but has BP. Then there exists an open set U
M such that if

1 c Ý n n
n0
is the expansion of the constant function 1 then

 1 c  zŽ .Ý n n
n0
for any zU. From here it follows that the functions c  take onlyn n
Žpositive real values for zU since the triangle inequality becomes
equality only when the involved complex numbers have the same argu-
.ment . Hence they must be constants, which is a contradiction.
The next lemma gives an upper bound for the modulus of a function on
a compact subset from the upper bound of its real part on a larger
Žcompact subset. It generalizes the theorem of Borel and Caratheodory see´
 .17 on the disk, to arbitrary domains.
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LEMMA 3.2. If G is an open domain on a complex manifold then for any
z G and K

G there exists a constant C 0 such that wheneer0
Ž . Ž .fH G and f z  0 we hae0
sup f z  C sup Re f z .Ž . Ž .
K G
Proof. The set of holomorphic functions
 H G : sup  z  1,  z  0Ž . Ž . Ž .½ 50
G
is compact. Set
 V  H G :  m m	 1 , m 1, 2, . . . . 4Ž . Ž .Km
ŽThe sets V are open, V 
 V , and since there is no non-zero constantm m m	1
.function in 

 V . m
m
Thus there exists m such that 
 V .0 m0
Ž . Ž . Ž . ŽFix any fH G such that f z  0 and sup Re f z  1 obviously,0 G
.it is enough to prove the theorem for such functions .
Ž . Ž . Ž Ž ..Consider the function  z  f z  2 f z ; then , so we have
 z m  m 	 1 z K .Ž . Ž .0 0
Therefore
m 	 1 f z m 2	 f z z K ,Ž . Ž . Ž .Ž .0 0
 Ž . hence f z  2m z K , which proves the statement.0
Our next theorem, which is the main result of this section, gives
sufficient conditions on a basis to have BP.
Ž .THEOREM 3.3. If M is a complex manifold and  is a basis inn n0
Ž .H M satisfying
Ž .i   1;0
Ž . Ž .ii there exists z M such that  z  0, n 1, 2, . . . ,0 n 0
then there exists a neighborhood U of z and a compact subset K
M such0
Ž .that  fH M , fÝ f  , we haen n

 f sup  z  sup f z .Ž . Ž .Ý n n
U K0
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m ŽProof. We give the proof in the case MD
 the proof is the
˜.same in the general case . Let K denote the set of all compact subsets of
Ž D. By the GrothendieckPietsch criterion for nuclearity e.g., 12, Theo-
.rem 28.15 we have

˜ ˜    K  K K  K :     . 10Ž .Ý K K0 1 n n0 1
0
   4 Ž .  Let B  z : z z  	 . Since  z  0 for n 1, we have  0B	 0 n 0 n 	
Ž .as 	 0, so from 10 it follows that
   sup     0 as 	 0. 11Ž .B Kn n	 1
n1
On the other hand by Proposition 2.1 we have
˜ ˜    K  K K  K , C  0: f  C f  fH D . 12Ž . Ž .K K1 2 1 11 2
˜ Ž .Fix 	  0, so that K  B 
D, choose a K  K so that 10 holds,0 0 	 10˜ ˜Ž .and after that choose K  K so that 12 holds. Finally choose K K so2
that K 
 int K. In view of Lemma 3.2 there exists a constant C such2 2
Ž .that  fH D
f f z  C sup Re f z  f z . 13Ž . Ž . Ž . Ž .Ž .K0 2 02
K
Ž .Now fix an fH D ; we may suppose without loss of generality that
Ž . Ž . Ž .f  f 0  0. Then it follows from 12 and 13 that0

   f   f f 0Ž . KÝ Kn n 11
1
 C f f 0  C C sup Re f z  f z .Ž . Ž . Ž .K1 1 2 02 ž /
K
Ž .     Ž .By 11 choose 	 	 so that sup     1 C C . Then weB K0 n n n 1 2	 1
have
    Bn 	       f 0 	 f   f 0 	 f  Ž . Ž .Ý ÝB Kn n n n	 1   Kn 11 1
  Bn 	 f 0 	 C C sup Re f z  f 0  supŽ . Ž . Ž .1 2 ž /   KK n1 n 1
 sup Re f z  sup f z .Ž . Ž .
K K
Hence we obtain the statement with U B .	
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Ž .Remark 3.4. If the space H M has a basis, then it also has a basis
satisfying the hypothesis of Theorem 3.3.
Ž . Ž .Indeed, suppose 
 is a basis in the space H M , which does notn 0
contain any constant function. Let 1Ýc 
 be the expansion of then n
constant function 1. Then, if c  0, it is easy to see that the systemn0
 4 Ž .1, 
 , n n is also a basis in H M .n 0
Ž . Ž . Ž .As to the condition ii , if 
 , where 
  1, is a basis in H D andn 0 0
z D, then the system0
  1,   
  
 z , n 1, 2, . . . , 14Ž . Ž .0 n n n 0
Ž . Ž . is again a basis in H D and satisfies condition ii . Indeed, if fÝ f 
 ,0 n n
Ž .  Ž .then f z Ý f 
 z , and so0 0 n n 0

f f z 	 f 
  
 z .Ž . Ž .Ž .Ý0 n n n 0
1
It is easy to see that this expansion is unique, which proves the statement.
Ž . Ž .Suppose now that z D and 
 is a basis in H D such that0 n 0
Ž . Ž .
  1. Then the basis 14 satisfies ii , so by the theorem there exist0
Ž .K

D and a neighborhood U of z such that if fH D and f0
Ý f 
 we have0 n n
 
     f 
  f z 	 f 
  
 zŽ . Ž .Ý ÝUn n 0 n n n 0 U
0 1

 	 f 
 z  f zŽ . Ž .Ý n n 0 0
0

  sup f z 	 f 
 z  f z .Ž . Ž . Ž .Ý n n 0 0
K 0
From here we obtain the following corollary.
Ž . Ž .COROLLARY 3.5. If z D and 
 is a basis in the space H D such0 n 0
that 
  1, then there exist a compact subset K
D and a neighborhood U0
Ž . of z such that for any fH D with expansion fÝ f 
 there is a0 1 n n
˜ ˜Ž .    function fH D such that f  f n andn n

˜   f 
  sup f z .Ž .Ý Un n
K0
˜  Indeed, setting f   f , where the numbers  with   1 aren n n n n
˜ ˜Ž .  Ž . chosen so that f 
 z  f 
 z , we obtain the statement with fn n 0 n n 0
 ˜Ý f 
 .0 n n
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Ž .Let us also notice that ii is not a necessary condition. One can easily
Ž .see that if a basis has BP and satisfies ii , then there are other bases
Ž . Ž .‘‘near’’ to the given one which do not satisfy ii but have BP. Namely, we
Žhave the following statement known to D. Khavinson in the partial case
Ž n..where M is the unit disc and the basis is z .0
Ž . Ž .Remark 3.6. Suppose  is a basis in H M such that   1 andn 0 0
Ž . Ž Ž . .9 holds with some U
 K

M i.e,  has BP . If there exists ann
˜    open set U
M such that 3    , n 1 then for any sequence ofU˜ Un n
Ž .    numbers  such that    n the basisU˜n n1 n n
    1,      , n 1, 2, . . .˜ ˜0 0 n n n
˜has BP with the same K and U.
Indeed, for any fÝ f  we have0 n n
 




   f 	 f  	 f    ˜Ý Ý U0 n n n n n
1 1
 
          f 	 2 f  	 f  ˜Ý Ý U0 n n n n
1 1

      f 	 f   sup f z .Ž .Ý U0 n n
K1
˜Ž .Observe that condition ii implies the existence of an open set U
M
    Ž .such that 3    , n 1. This follows, for example, by 11 in theU˜ Un n
proof of Theorem 3.3. So, if the given basis satisfies the assumptions of
Theorem 3.3, then one can apply the above remark.
Finally, let us mention that it is an open question whether the space
Ž .H M has a basis for an arbitrary complex manifold M. Since there are
 examples of nuclear Frechet spaces without basis 8, 21 one may expect´
that the answer is negative. On the other hand the existence of bases is
 known for wide classes of complex manifolds 4, 20 . One such class
Ž . Ž .consists of p , . . . , p -circular domains. Recall that if p , . . . , p are1 m 1 m
m Ž .positive integers then a domain D
 is called a p , . . . , p -circular1 m
Ž .  domain if whenever z z , . . . , z  D and t 0, 2 we have1 m
Ž i p1 t i pm t.z e , . . . , z e D. When p  1, . . . , p  1 one gets Cartan’s cir-1 m 1 m
Ž .cular domains. In view of Cartan’s theorem, if D is a p , . . . , p -circular1 m
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domain such that 0D, then each holomorphic function on D may be
represented as a series of quasihomogeneous polynomials, that are homo-
Ž 1 p1 1 pm.  geneous with respect to z , . . . , z . In 1 it was proved that if a1 m
Ž .p , . . . , p -circular domain D has, in addition, the property that the1 m
1 p 1 p1 mŽ .quasihomothetic transformation z r z , . . . , r z maps D into1 m
 .  Ž .4D for any r 0, 1 , then there exists a polynomial basis P z of thek n
Ž .space H D . The polynomials P are quasihomogeneous, the index kk n
Žequals the quasidegree of the polynomial the quasidegree of the mono-
 . Ž . Ž .mial z equals  p 	 	 p , n 1, 2, . . . ,  k . Since P z  11 1 m m 00
and for k 1 all these polynomials vanish at z 0, by Theorem 3.3 there
Ž . Ž .exists r 0, 1 such that if a function fH D has modulus less than 1,
then the sum of the maxima of the moduli of the terms in its expansion is
less than 1 in the homothetic domain r  D. This answers positively the
 corresponding question posed in 3 . More generally, if M is a hyperconvex
ŽStein manifold e.g., strictly pseudoconvex domains, smoothly bounded
m .domains of holomorphy in  , etc. then for any z M there exists a0
Ž .basis of the space H M , which satisfies the conditions of Theorem 3.3.
  ŽThis follows, as a special case, from the considerations of 19 one-dimen-
.   Ž .sional case and 5 the general case .
4. BOHR’S PHENOMENON FOR BASES IN L2-SPACES OF
ANALYTIC FUNCTIONS
In this section we consider Bohr’s phenomenon for orthogonal bases in
some L2-spaces of holomorphic functions. It seems that an effective way of
proving Bohr’s phenomenon in concrete cases is through establishing some
coefficient estimates for the relevant classes of functions. The first result
of this section deals with such considerations. Let D

m be a bounded
Ž .domain and let z D. Suppose there exists a positive Borel probability0
measure  on D and a Hilbert space of holomorphic functions on D, sayz0
H, with
Ž . 2Ž . 2Ž .1 H
 L d with the inner product coming from L d ;z z0 0
Ž . Ž .2 H f d  f z ;D z 00
Ž . Ž . Ž .3 Point evaluation functionals l f  f z , zD, are continuousz
in H;
Ž . Ž . Ž . Ž .4 H D is densely continuously embedded into H, where H D ,
as usual, denotes the space of bounded analytic functions on D.
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Ž . Choose an orthonormal basis  in H, with   1, and  H ,n 0 0 n
n 1, 2, . . . . Then we have:
 Ž . LEMMA 4.1. If fH, sup f z  1, and fÝ d  thenD n n n
     d  2  1 d , n 1, 2, . . . .Ž .Dn n 0
Ž .Proof. Since   1 and from orthogonality and 2 it follows that0
Ž . z  0 for n 1, 2 . . . . We will write in place of d simply d.n 0 z0
Ž .Thus by 2 , H   d 0 if n	 k 1. Consider the kernel functionD n k

B z ,    z  Ž . Ž . Ž .Ý n n
n0
Ž .of H it is holomorphic in z and antiholomorphic in  and observe that
for gH and zD we have
g  B z ,  d g z .Ž . Ž . Ž .H 0
D
Indeed,
g  B z ,  d g  B z ,  dŽ . Ž . Ž . Ž .H H
D D
 g ,     z   dŽ . Ž . Ž . Ž .Ý ÝH n n k kž / ž /
D n k
 g ,   z   d g , 1  g z .Ž . Ž . Ž . Ž .Ý Hn k n k 0
Dn , k
Ž .So, if gH, Re g 0 and g z is real, then0
g z  2 B z ,   1 d , 4Ž . Ž .H
D
where dRe g d is a positive measure on D. Hence

g d	 2   d  ,Ž .ÝH H n nž /D Dn1
so if gÝ c  then for n 1 we haven0 n n
     c  2   d  2 sup    1 d 2  c .Ž . Ž .H H Dn n n n 0
D DD
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Ž .  Now fix an fH D such that f  1; we may suppose without lossD
Ž . Ž .of generality that f 0  0. Then 1 fH and Re 1 f  0, so if
fÝ d  we haven0 n n
     d  2  1 d , n 1, 2, . . . .Ž .Dn n 0
Remark 4.2. Let us mention that in the case, when we take D as the
unit disk,  the Lebesgue measure on the circle, and H the Hardy space,z0
Ž .we obtain from Lemma 4.1 a proof which we believe is new of Theorem
Ž  .1.1 see also 15, 18 .
We give another example that fulfills the assumptions of Lemma 4.1:
EXAMPLE 4.3. Let D

m be a smoothly bounded domain with
2 Ž 1	 . Ž .C -boundary or even C . We denote by P x, y , xD, y D, the
Ž .Poisson kernel for D. Recall that P x, y satisfies the following conditions:
Ž . Ž .a  xD c  0: P x, y  c  0  y D;x x
Ž .b for some constant C 0
C
P x , .  ;Ž . n
dist x , DŽ .Ž .
Ž .c If u is harmonic in D then
u x  P x , y u y d y ,Ž . Ž . Ž . Ž .H
D
Žwhere d denotes the Lebesgue measure on the boundary of D i.e., the
. Ž  .surface measure on D see, e.g., 16 . Fix a point z D and set0
  P z ,  d .Ž .z 00
Ž Ž ..Then  is a positive probability in view of c measure on D. The spacez0
 2Ž .H can be thought of as a subset of L d by extending each functionz0
from fH on D by using that its non-tangential boundary values exist
Ž .  Ž . Ž .almost everywhere: f   f   lim f z as z  non-tangentially
Ž  .  2Ž .see, e.g., 16 . Let H be the closure of H in L d ; then H will be az0
Ž .space of holomorphic functions on D. Indeed, if f is a Cauchy sequencen
2Ž . Ž . Ž . Ž .in L d , then by a and b we see that f converges uniformly on az n0
compact subset of D to a holomorphic function on D which has almost
everywhere non-tangential boundary values, equal to the limit of the
Ž . 2Ž .sequence f in L d . Hence, the space H satisfies all the conditionsn z0
stated in the beginning of the section.
ŽRemark 4.4. In Lemma 4.1 the result follows from the existence for a
.holomorphic function f with positive real part of a positive measure
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Ž .  Ž . 4  Re f d with the property f z  H 2 B z,   1 d . In 2 ratherD
general conditions are given under which similar representations take
m Ž .place. Namely, suppose that D
 is a bounded domain, H D is thec
space of functions which are continuous on D and holomorphic in D, and
Ž .P D is the set of holomorphic functions on D with positive real part.
Assume that the domain D satisfies the following conditions:
Ž . Ž . A For each f P D there exist a point z D, a neighborhood
Ž . Ž . Ž . Ž . Ž . Ž .U z 
D, and a sequence f in P D  C D such that lim f z  f zk k
Ž .for all zU z .
Ž .B There exist a point z D, a closed subset M
 D, and a0
finite positive Borel measure  on M, which is a representing measure for
Ž Ž . Ž . . Ž .z i.e., f z  H f  d , such that for some orthonormal basis  ,0 0 M n
Ž . 2Ž . Ž Ž . H D in the space H D defined as the closure of H D withn c  c
2 .respect to L -norm the corresponding Szego kernel¨

B z ,    z  Ž . Ž . Ž .Ý n n
n1
Ž . Ž .is defined and continuous on D	D. Let Q z,   2 B z,   1 be the
Ž .corresponding Schwartz kernel. Denote by Re H D the set of functionsc
Ž .  Ž .which are real parts of functions in H D , and let Re H D be the setc c
Ž . Ž .of all  C M such that H f d 0 for all fRe H D . UnderM c
 these conditions in 2 was obtained the following result: A function
Ž .fH C has real positive part if and only if there exists a positive
 Ž .measure  on M such that H  d 0 for all  Re H D andM c
f z  Q z ,  d 	 i Im f z , zD.Ž . Ž . Ž .H  0
M
Using this result one can obtain, under the above conditions, the same
coefficient estimates as in Lemma 4.1. Let us mention, that these condi-
tions hold for complete Cartan’s domains, and also in many cases where
Žthe Szego kernel is explicitly known. In all these cases z  0 for more¨ 0
  .details see 2 and references there .
In the next theorem we give necessary and sufficient conditions for
existence of a Bohr phenomenon. Suppose that D
m is a bounded
domain, z D, and  is a Borel probability measure on D such that0 z0
Ž . Ž . 2Ž .i H D 
 L d ;
Ž . Ž . Ž .ii H f d  f z  fH D .D z 00
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Ž .Observe that the condition i holds automatically in the following two
cases:
Ž .1 If  is a measure with support in D;z0
Ž . 1	2 If D is C -smooth and    	  , where the measurez 1 20
 has support in D and  is absolutely continuous with respect to usual1 2
Lebesgue surface measure d on D.
In the second case functions from H are defined on D via their
Ž .boundary values almost everywhere with respect to d : if  D then
Ž .  Ž . Ž .f   f   lim f z as z  non-tangentially.
mLet D

 be a bounded domain and  be a measure on D suchz0
Ž . Ž .that conditions i and ii hold. We denote by H the closure of the space
 2Ž . Ž . Ž .H D in the Hilbert space L d with scalar product f , g  H fg d .z D z0 0
Ž .THEOREM 4.5. Let  be an orthonormal basis of H consisting ofn n0
Ž .elements from H D . Then the following conditions are equialent:
Ž . Ž . has Bohr ’s phenomenon, i.e., there exist an open setn n0
U z and a compact set K
D such that wheneer fÝ c  we hae0 n n n

       f  c   f ,  fH D ;Ž .ÝU U Kn n
n0
Ž . Ž . Ž . One say the first one element of the sequence  is then
constant 1 function and there exist an open set U z , a compact set K
D,0
and a C 0 such that
    f  C f ,  fH DŽ .U K
Ž   Ž .i.e., the norm f is continuous on H D with respect to the topologyU
Ž ..induced by H D .
Ž . Ž .Proof. First we prove that    . For the constant function 1 we
have

1,   1   d   z , 1  z  ,Ž . Ž . Ž .ÝHn n z n 0 n 0 n0
D n0
2Ž . Ž .where the series is convergent in L d . Since the functional l f z z0 0
Ž .f z is obviously continuous in the space H, we obtain0

2l 1   z  1.Ž . Ž .Ý 0
n0
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Ž . Ž . Ž .On the other hand by condition  the series Ý  z  z convergesn0 n 0 n
 Ž . uniformly on U to a holomorphic function g and g z  1 on U. In
Ž .addition g z  1; thus g equals 1 on U. Therefore we have for zU0
  




  z    z  0 zU.Ž . Ž .Ž .Ý Un 0 n
n0
Ž .Choose n such that  z  0; then by the above equation0 n 00
    z zU,Ž .Un n0 0
so  must be a constant, and since  is a probability measure this con-n z0 0
Ž .stant must be 1. From here it follows that if n n , then  z  0.0 n 0
Ž . Ž .Next we prove that    . Without loss of generality assume that
   1. Due to Fornaess and Stout 11 it is known that there exists a0
m Ž .locally biholomorphic surjective map  :  D with  0  z , such0
1Ž . Ž . mthat  z consists of not more than 2m	 1 4 	 2 points. Fix such a
map and choose r and C 0 so that
˜   f  C f  fH D ,Ž .K r
˜ ˜ ˜   ˜ ˜     Ž .if f f and f Ý f r , where f z Ý f z is the Taylorr    
˜ m Ž .   Ž .expansion of fH  and    	 	 . Then for fH D1 m
˜  Ž .  4  with sup f z : zD  1 we have, in view of Lemma 4.1, that f 
˜Ž  . Ž  Ž . .2 1 f  2 1 f z ,  0. Therefore0 0
 ˜ ˜ ˜ ˜ f f z  C f f 0  C f r  C 1 f zŽ . Ž . Ž .Ž .Ýr0  0K
0
˜for some constant C.
Ž . Ž .Now, since  is an orthonormal basis and   1, we have  z n 0 n 0
H    0 for n 0. So if fÝ c  is the expansion of f in H weD n 0 n n
have
˜   c   C f f z  C 1 f z ,Ž . Ž .Ž .Ý Un 0 0K
n0
˜where the constant C does not depend upon f. Now in view of the
Schwartz Lemma, there is a ball B

U, around z , such that0
1
      , n 1, 2, . . . .B Un nC˜
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Hence
1
       c   c   1 f z ,Ž .Ý ÝB Un n 0C˜n0 n0
which proves the statement.
Remark 4.6. Let D

m be a bounded domain and let z D. If0
Ž .we denote by B z,  the Bergman kernel of D, then the measureD
2
B z , wŽ .D 0
  dV ,z0 B z , zŽ .D 0 0
where dV is the usual volume measure, satisfies the conditions of Theo-
rem 4.5 and so it is applicable for this measure.
We now wish to look at an application of Theorem 4.5. Recall that if H1
and H are separable Hilbert spaces then an injective compact operator2
T : H H can be represented as2 1

Tx  x ,  
 ,Ž .Ý n n n1
n0
Ž . Ž .where  is an orthonormal basis in H , ,  denotes the scalar productn 1 1
Ž . Ž .in H , 
 is an orthogonal system in H , and  is a sequence of1 n 2 n
Ž .positive numbers that converges to 0. The basis  will be referred to asn
the common basis of H and H with respect to T. It is known also as a2 1
Ž  .doubly orthogonal basis see 14 .
COROLLARY 4.7. Let D 

D be smoothly bounded relatiely compact1 2
mdomains in  with D holomorphically conex. Suppose z D and1 0 1
denote by i the representing measures on D at the point z obtained fromz i 00
 2 iŽ .the Poisson kernels on D , i 1, 2. Set H  H D in L D ,  , i 1, 2;Ž .i i i i z0
Ž .then the common orthogonal basis  of H and H with respect to then 0 2 1
restriction operator enjoys the Bohr phenomenon.
 Ž .Proof. Since the restriction operator maps the subspace fH : f z2 0
4 0 , consisting of functions orthogonal to 1, into the subspace of func-
tions orthogonal to 1 into H , we may assume that   1. Now fix a1 0




m and consider the2
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Ž  .plurisubharmonic measure see, e.g., 4, 20
  , D , z  lim u  : u plurisubharmonic on  , u 0 on  ,Ž .Ž .1
z
u1 on D .41
This function is a continuous plurisubharmonic function on  and is
Ž  .identically 1 on D , since D is strongly regular see 20 . Choose a1 1
Ž .  Ž . 4c 0, 1 such that   z :  , D , z c 

D and denote1 1 2
by B , B the Hilbert spaces of a square integrable function on  , ,1 1





where all arrows are restriction operators. Let us denote by  then
eigenvalues of the restriction operator between B and B . Consider for1
Ž .each p 0, 1 the intermediate spaces
12




2 2 p B   :       .Ž . Ž . Ýpp n n n n½ 5ž /
n0
In view of the well known functional property of the quadratic interpola-
tion, the vertical restriction operator extends to an operator from B top
Ž . Ž .H for p 0, 1 . On the other hand for each p 0, 1 and  0 wep
have
B H   B ,Ž .p	 p p
 Ž . 4where   z :  ,  , z p and the symbol  denotes ap 1
Ž  .continuous injection e.g., 4, Theorem 1; 20, Theorem 2.3.1 .
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D . In view of the1 p 2
Ž .above discussion it follows that there exist a  0, 1 and a C 0 such
that for all fH we have2
12
2 2  f ,    C f . 15Ž . Ž .Ý n n pž /
n0
Fix a compact set K z such that K
D . Then for any fH there0 1 2
exists C  0 such that1
 
 f ,    f ,  Ž . Ž .Ý ÝKn n n n
n0 n0
12 12 
2 2 2Ž1 . C f ,   Ž .Ý Ý1 n nž / ž /
n0 n0
12
2Ž1 .   C C  f .Ý 1 n pž /
n0
 Since the restriction operator from H into H is strongly nuclear 9, 13 ,2 1
˜the sum in the above expression is finite. Therefore there exists C 0
such that

˜   f ,    C f fH .Ž .Ý K n n 2p
n0
Hence the corollary follows from Theorem 4.5.
Remark 4.8. Although we have chosen to work with boundary mea-
sures in the corollary, the method of proof will also give the same result if
we start with two bounded domains D 
D with D holomorphically1 2 1
convex, a point z D , and the Hilbert spaces0 1
 2H  H D in L d , i 1, 2,Ž . Ž .i i i
where
2
B z , wŽ .D 0i  dVi B z , zŽ .D 0 0i
Ž .see the Remark after Theorem 4.5 .
Finally we show that some analogy of Bohr’s phenomenon appears even
for non-holomorphic functions. Let D be a domain in m or m and
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Ž . 2Ž . be an orthonormal sequence of functions in L D . Suppose therek 0
exist a point z D and a neighborhood V of z such that the functions0 0
Ž .  Ž .  2 are continuous in V,  z  0 for k 1 and the series Ý  z isk k 0 k
uniformly convergent in V. Under these conditions we have the following
proposition.
Ž .PROPOSITION 4.9. If fÝc  , where the series conerges in L D ,k k 2
   Ž . then wheneer f  1 and c  z  q 1 there exists a neighborhoodL 0 0 02
U of the point z such that for any zU0

c  z  1Ž .Ý k k
0
and the series is uniformly conergent in U; in addition, U depends only on
Ž . and q.k
     2  Ž . Proof. The condition f  1 implies Ý c  1. Since c  z L 0 k 0 0 02
q there exists a neighborhood U of z such that for any zU we have1 0 1
 Ž .  Ž .c  z  q	  for some  1 q 2. Next we obtain0 0
12 12  
22 c  z  c  z 	 c  zŽ . Ž . Ž .Ý Ý Ýk k 0 0 k kž / ž /
0 1 1
12
2 c  z 	  z .Ž . Ž .Ý0 0 kž /
1
Since the second term here is a continuous function in V, which vanishes
at z , there exists a neighborhood U of z such that its values are less0 2 0
  Ž . than  . Hence for zUU U we have Ý c  z  q	 	  1.1 2 0 k k
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